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space in non relativistic limit with Galilei group of
motion
Abstract
It is shown that Kepler problem in deformed (quantum) four-dimensional
space in non relativistic limit is integrable in quadratures. In non rela-
tivistic limit group of motion of quantum space coincide with Galilei one.
1 Introduction
In previous paper we have noticed that in the space of constant curvature in
three dimension equations of motion considered in numerous papers after the
pioneer paper of E.Schrodinger [2],[3],[4],[5] are not Galiley invariant. And thus
results of these papers may be considered as very nice exercise for a students.
It is very interesting that it is not possible the spaces of constant curvature in
three dimension wide in such way to include the Galiley group of motion. As it
follows from calculations of [1] the three dimensional limit from Lorenz invariant
quantum space leads to Snyder theory [6] with non commuting coordinates but
not impulses.
In the present paper we would like investigate Kepler problem in deformed
(quantum) space with equations invariant to Galiley group of motions – one of
most important laws of non relativistic dynamics.
2 Quantum spaces in non relativistic domain
The non relativistic limit of Lorenz invariant quantum space was found and
presented in [1]. To obtain this formulae it is necessary in formulae of Lorenz
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1
invariant quantum space time [7] to do substitution x4 → ct, p4 → mc+
ǫ
c
,
→
f→
c
→
f ,M2 → M2, L2 → c2T 2, H → c2ν, and take the limit c → ∞, where c
is the velocity of the light M2, T 2, ν some constants of non relativistic theory
with the dimension of (impulse)2, (time)2 and mass-second correspondingly, m
c number constant with dimension of mass. Result is the following algebra of
the 16 observable (we include among them m–the mass of the particle, which
can considered as a center element of the algebra)
[ǫ, t] = ihI, [ǫ,
→
p ] = ih
→
f
T 2
, [ǫ,
→
x ] = ih
→
f
ν
, [ǫ, I] = ih(
t
T 2
−
m
ν
),
[ǫ,
→
f ] = ih
→
p [ǫ,
→
l ] = 0, [ǫ,
→
f ] = ih
→
p [t,
→
p ] = 0, [t,
→
x ] = ih
→
f
M2
, [t, I] = ih
m
M2
,
[I,
→
p ] = [I,
→
l ] = [I,
→
f ] = 0, [I,
→
x ] = ih
→
p
M2
, [pα, pβ ] = 0, [xα, xβ ] = ihǫα,β,γl γ
M2
[t,
→
f ] = [t,
→
l ] = 0, [pα, xβ ] = ihδα,βI, [fα, xβ ] = ihδα,βt, [fα, pβ] = ihδα,βm
(1)
1 = I2 −
t2
T 2
+
2mt
ν
+
1
M2
(−(
→
p )2 +
(
→
f )2
T 2
+ 2mǫ) (2)
I
→
f= t
→
p +
→
x m, I
→
l = [
→
x ×
→
p ]
(1) are commutation relations of quantum space by itself, (2) additional con-
ditions which are self consistent with algebra (1) and lead to usual Mincovski
space-time with Poincare group of motion in the limit of infinite dimensional
parameters of the quantum space. Below commutatores without ih in the right
hand side must be understandable as Poisson brackets.
As reader can see that sub algebra of (1) for 10 variables
→
p ,
,→
x
→
l , I coincides
with considered in [9] under condition L2 → ∞, S → ∞. And thus the case of
the space of constant curvature considered by Schrodinger [2] can’t be deformed
to Galilei invariant algebra.
3 Preliminary calculation and notation
In the present paper we would like to consider Kepler problem of classical dy-
namics with Poisson brackets for dynamical variables (1) and obvious exchang-
ing 1
ih
[A,B]→ {A,B} (compare with solution of the same problem for algebra
of the constant curvature in [9]).
If we want have some dynamical system with conserved energy it is neces-
sary at first find among dynamical variables those, which commute (have zero
Poisson brackets) with the energy ǫ from (1). It is easy to check that quadratical
2
combination (
→
p )2 − (
→
f )2
T 2
is commutative with energy ǫ and both vectors
→
p ,
→
f
and thous the hamiltonian of free motion can be chosen in a form [1]
H = 2mǫ− (
→
p )2 + (
→
f )2
T 2
where m is the mass of the moving object. The generalization of coordinates
commuting with ǫ possible only one vector combination
→
x˜=
→
x −
T 2
ν
→
p
Thus if we choose Hamiltonian function in a form
H = 2mǫ− (
→
p )2 +
(
→
f )2
T 2
+ U(
→
x˜ )
we will have theory invariant to the transformation of Galilei group of deformed
space with conserved energy. From (1) it follows that tilde coordinates are not
commuted but
[x˜α, x˜β ] = ihǫα,β,γ
lγ
M2
, [pα, x˜β ] = ihδα,βI
If we would like to consider spherically symmetrical problem Hamiltonian func-
tion must depend only on
∑
(x˜β)
2 and if we assume that potential interaction
part U commute with all components vector
→
x then potential function must be
chosen in a form (
→
x˜)2 + (
→
l )
2
M2
. The last expression is the Kazimir operator of
four dimensional rotating group with 6 generators
→
x˜ , (
→
l .
Finally we in what follows we will investigate the Kepler problem with Hamil-
tonian function
H = 2mǫ− (
→
p )2 +
(
→
f )2
T 2
+
2mα√
(
→
x˜ )2 + (
→
l )2
M2
(3)
4 Algebra of spherically invariant variable
All spherically invariant variables may be united into elements of two mutually
commutative algebras of O(1.2) groups in a following way ( p2 ≡ (
→
p )2, l =√
(
→
l )2 and so on , below t ≡ t− mT
2
ν
)
T
p2
2m
= s1+ =
l
2
cosh τeρ,
f2
2mT
= s1− =
l
2
cosh τe−ρ,
pf
m
= s10 = l sinh τ
3
−T
M2I2
2m
= s2+ =
l
2
Rea, −
M2t2
2Tm
= s2− =
l
2
Re−a, −
M2It
m
= s20 = lR (4)
where τ, ρ, R, a are arbitrary no dimensional parameters.
Using (1) it is not difficult to check that two vectors s1, s2 are mutually com-
mutative and commutation relations between its components are usual relation
of algebra O(1.2). Namely
[si+, s
i
−] = s
i
0, [s
i
0, s
i
±] = ∓2s
i
±, s
1
+s
1
− −
1
4
(s10)
2 =
1
4
l2, s2+s
2
− −
1
4
(s20)
2 = 0
(5)
The last relation in a formula above are corresponding Kazimir operators for
representation of O(1.2) algebras.
Let us do some manipulations with the expression under the root in Hamil-
tonian function (3). we have in a consequence, using (2) we exchange
→
x= t
m
→
p
− I
m
→
f ,
→
l = 1m [
→
p ×
→
f ]
r2 ≡ (
→
x˜)2 +
(
→
l )2
M2
=
p2t2 − 2(pf)It+ f2I2
m2
+
p2f2 − (pf)2
M2m2
=
4
M2
[(
p2 +M2I2
2m
)(
f2 +M2t2
2m
)−
1
4
(M2It+ pf)2
m2
] =
4
M2
[(s1+ − s
2
+)(s
1
− − s
2
−)−
1
4
(s10 − s
2
0)
2] =
or
r2 =
4
M2
[(s1+s
1
− −
1
4
(s10)
2)− ((s1+s
2
− + s
1
−s
2
+ −
1
2
s10s
2
0)] (6)
Now we are ready to present the Hamiltonian (3) of a problem in terms of
”generators” of O(1.2) algebra in a following way
H = 2mǫ−
2m
T
(s1+ − s
1
−) +
2mα√
4
M2
[(s1+s
1
− −
1
4 (s
1
0)
2)− ((s1+s
2
− + s
1
−s
2
+ −
1
2s
1
0s
2
0)]
(7)
Using (2) Hamiltonian function (7) may be rewritten in equivalent form
H =M2(1−
m2T 2
ν2
)+
2m
T
(s2+−s
2
−)+
mα√
4
M2
[(s1+s
1
− −
1
4 (s
1
0)
2)− ((s1+s
2
− + s
1
−s
2
+ −
1
2s
1
0s
2
0)]
(8)
From the last expression it is obvious that Poisson brackets of the first term
of last formulae with all components of the vector
→
s1 equal to zero and the
second term is commutative with all components of the vector
→
s1 + s2. This
fact essentially simplified calculations in the next section.
4
5 Equations of motion and its resolving
Differentiation on proper time will be denoted by dot index under corresponding
variable. From (7),(8) and (5) it follows the system of equations for unknown
components of s1, s2 (we include factor
√
4
M2
into α). Thirst of all ǫ˙ = [H, ǫ] = 0
and thus energy is the integral of the motion. Further
˙(s1+ + s
2
+) =
2m
T
s20,
˙(s1− + s
2
−) =
2m
T
s20,
˙(s10 + s
2
0) =
4m
T
(s2− + s
2
+) (9)
˙(s1+) = −
mα(s10s
2
+ − s
1
+s
2
0)
4r3M2
, ˙(s1−) =
mα(s10s
2
− − s
1
−s
2
0)
4r3M2
, ˙(s10) =
mα(s1+s
2
−s
2
+s
1
+)
2r3M2
(10)
First two equations of (9) lead to integral −s2++s
2
−−s
1
++s
1
− which coincides
with first additional condition of (2) and thus we have −s2+ + s
2
− − s
1
+ + s
1
− =
M2T
2m (1 − (
mT
ν
)2 − 2ǫm
M2
) ≡ Θ. Now using (6) we calculate derivative of r2. We
have using (6)
r˙2 = [H, r2] =
2m
T
4
M2
[(s2+ − s
2
−), r
2] =
2m
T
4
M2
[−(s2+ + s
2
−)s
1
0 + (s
1
+ + s
1
−)s
2
0]
(11)
After reducing of two first equations from (10) we obtain second integral of
motion
E1 = 2mǫ−
m2
T
(s1+ − s
1
−) +
mα
r
(12)
In combination with the first integral obtained above we represent it in equiva-
lent form
E1 = M
2(1 −
m2T 2
ν2
) +
2m
T
(s2+ − s
2
−) +
mα
r
(13)
Now let us resolve two remaining equations of (9). After summation two
first equations we come to system
˙(s1+ + s
2
+ + s
1
− + s
2
−) =
4m
T
s20,
˙(s10 + s
2
0) =
4m
T
(s2− + s
2
+)
Using parameterization (4) for second vector s2 we rewrite the system above
˙(s1+ + s
1
−) + cosha
˙lR+ a˙ sinh alR =
4m
T
lR, ˙(s10) +
˙lR =
4m
T
coshalR
After some trivial manipulations we obtain ( T2ml (E1 −M
2(1− m
2T 2
ν2
)− mα
r
) =
R sinha from (13) ).
−
m2α
2M2Tr3
r2 − l
2
M2
1− m
2T 2
ν2
+
mα
r
−E1
M2
−
a˙
sinh a
=
4m
T
(14)
5
To obtain equation for r let us write dawn following three equations (6),(12),(13),
(11) in which we parameterize second vector as in the consideration above
m
2T
r2 − l
2
M2
(1− m
2T 2
ν2
+
mα
r
−E1)
M2
=
1
2
(s10 − (s
1
+e
−a + s1−e
a)
sinh a
,
T
2m
(−E1 + 2mǫ+
mα
r
= s1+ − s
1
−
r˙2
1− m
2T 2
ν2
+
mα
r
−E1
M2
=
[s1+ − coshas
1
0 + s
1
−)]
sinha
Three equations above is the linear system with respect to unknown compo-
nents of the first vector
→
s1. Matrix of this system
M =

−
e−a
2 sinh a
1
2 sinha −
ea
2 sinh a
1 0 −1
− 1sinh a
cosh
sinh a −
1
sinh a


have the following inverse one
M−1 =


cosh a
sinha
1
2 sinh2 a
− e
a cosh a
2 sinh2 a
− 12 sinh a
2
sinha −
1
sinh a −
cosh
sinh a
cosh
sinha −
1
2 sinh2 a
+ e
−a cosh
2 sinh2 a
− 12 sinh a


We remind that s1+s
1
− −
1
4 (s
1
0)
2 = 14 l
2 and thus we have
WT (M−1)T

 0 0 10 − 12 0
1 0 0

M−1W = 1
2
l2
where W three dimensional vector of right-hand side of linear system, each
component of which a is expressed via only r and its derivative of the first
order. Calculations the matrix Q of quadratical form leads to the result
Q =

 2 −1 0−1 0 0
0 0 − 12


and finally
−2[
m
2T
r2 − l
2
M2
(1 − m
2T 2
ν2
+
mα
r
−E1)
M2
]2 −
1
2
([
r2 − l
2
M2
(1− m
2T 2
ν2
+
mα
r
−E1)
M2
](E1 − 2mǫ−
mα
r
)
−
1
2
[
r˙2
4(1− m
2T 2
ν2
+
mα
r
−E1)
M2
]2 =
1
2
l2 (15)
6
This equation of the first order with respect to r exactly of same kind as equation
of the Kepler problem in usual theory
(r˙)2 =
2ǫ
m
−
2α
mr
−
l2
m2r2
We demonstrate the connection of the technique of the present paper with usual
consideration in Appendix.
It is necessary keep in mind that in quantum space t is also dynamical
variable as coordinates and after integration in quadratures equation (15) it is
necessary to find solution of equation (14) which connected proper time with
the real time of quantum space. Indeed from (4) we obtain connection between
t, r and a variables in a form
−
M2t2
2Tm
= s2− =
l
2
lRe−a, (
t− mT
2
ν
T
)2 = −(1−
m2T 2
ν2
−
E1 −
mα
r
M2
)
e−a
2 sinha
Thus equation (15) is integrable in quadratures. The same is true with respect
to equation for a (14) and form the last equation we obtain conection between
proper time and real time of the world.
6 Outlook
In the present paper we have solved Kepler problem in quantum non relativistic
space, equation of which are invariant with respect to Galilei group of motion.
Thus this theory it is possible to consider as alternative to usual dynamics, as its
generalization satisfying to general principles of Newton mechanics. We don’t
want to do some speculations and give any prediction before detail analyses
which must be done for experimental testing of the theory proposed above. We
want only pay attention of the reader that in resolving of the Kepler problem in
deformed space we have two integrals of energy usual ǫ (as time shift in Galilei
algebra) and E1
m
, which arises in a process of integration and disapiere under
limiting procedure passing to Newton space-time.
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8 Appendix
Kepler problem in Newton case is described by Hamiltonian function
H =
p2
2m
+
α
r
, p2 = 2mH −
2mα
r
7
We have
r˙2 = 2rr˙ = [H, r2] = [
p2
2m
, r2] = 2
(pr)
m
r2(2mH −
2mα
r
)− (mrr˙)2 = p2r2 − (pr)2 = l2
which is the main equation of the Kepler problem in usual theory.
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